To further study the application of waveform relaxation methods in fluid dynamics in actual computation, this paper provides a general theoretical analysis of discrete-time waveform relaxation methods for solving linear DAEs. A class of discrete-time waveform relaxation methods, named discrete-time accelerated block successive overrelaxation (DABSOR) methods, is proposed for solving linear DAEs derived from discretizing time-dependent Stokes equations in space by using "Method of Lines". The analysis of convergence property and optimality of the DABSOR method are presented in detail. The theoretical results and the efficiency of the DABSOR method are verified by numerical experiments.
Introduction
We where z(t) = x(t) T , y(t) T T with x(t) and y(t) related to velocity and pressure in equations (1.1) respectively, B and A are block two-by-two square matrices of the form B = I 0 0 0 and A = A B −B T 0 , with A ∈ R r×r being a symmetric positive definite matrix, B ∈ R r×l a full column-rank matrix, and I ∈ R r×r the identity matrix. Here, r and l are known positive integers.
In [3] , a class of continuous-time waveform relaxation methods for solving linear DAEs (1.2) has been proposed by the application of generalized successive overrelaxation (GSOR) technique [1] . Previous continuous-time waveform relaxation methods, for solving ODEs [2, 8, 9, 16, 18, 19, 20, 21] and DAEs [3, 4, 12, 14] , can be regarded as extensions of the classical iterative methods for solving system of algebraic equations with iterating space changing from R n to the waveform space. Since the analytical operations and exact expressions of waveforms are required in each iterative step, the continuous-time waveform relaxation methods are unlikely to be practical numerical methods, but only be of theoretical interest.
In actual numerical solution for linear DAEs (1.2), the continuous-time waveform relaxation methods in [3] are replaced by a class of discrete-time waveform relaxation methods, named discrete-time accelerated block successive overrelaxation (DABSOR) methods. This paper studies the general theory of discrete-time waveform relaxation methods for solving linear DAEs and the special case of the DABSOR method. In previous discrete-time waveform relaxation methods [8, 10, 11] , the waveforms and the linear differential operators in continuous-time waveform relaxation methods are replaced by vector sequences and discrete linear convolution operators respectively. Here, the vector sequences are composed of values of waveforms on each time level, and the discrete linear convolution operators are closely related to the discretizations of the linear differential operators by different time stepping schemes [5, 7] in each iterative step of the continuous-time waveform relaxation methods for solving linear DAEs (1.2).
The structure of this paper is as follows. It is started in Section 2 by briefly reviewing the spectral properties of the discrete linear convolution operator. The general framework of the discrete-time waveform relaxation methods and the corresponding discrete linear convolution operator form are stated in Section 3. In Section 4, the convergence properties of the discrete linear convolution operator derived from the discrete-time waveform relaxation methods for solving linear DAEs are analyzed on both finite and infinite time interval. The DABSOR method without or with windowing technique is constructed in Section 5, and the convergence domain of relaxation parameters and the optimality of the DABSOR method are also presented here. The numerical results are listed in Section 6, which is followed by the concluding remarks in Section 7.
Spectral Properties of Discrete Linear Convolution Operator
Consider the following iterative scheme
where the subscript △t is the notation of vector sequences, e.g. z 
with · any prescribed C d vector norm. It is known that the iterative scheme (2.1) is convergent if and only if the spectral radius of the discrete linear convolution operator H △t , denoted by ρ(H △t ), is smaller than one. The following two lemmas provide specific descriptions of ρ(H △t ) on both finite and infinite time intervals [8] .
Then, H △t is a bounded operator and
Lemma 2.2 Suppose that h △t ∈ l 1 (∞), and consider H △t as an operator in l p (∞), with 1 ≤ p ≤ ∞. Then, H △t is a bounded operator and
with H △t (s) = ∞ i=0 h i s −i the discrete Laplace transform of h △t .
Discrete-Time Waveform Relaxation Methods
The continuous-time waveform relaxation methods for solving the linear DAEs (1.2) are defined by spliting the square matrices B and A ∈ R (r+l)×(r+l) into
respectively. Then the corresponding iterative scheme is of the form
Furthermore, iterative scheme (3.1) can be rewritten explicitly
where
Here, L denotes the continuous Laplace transform. It has been shown in [4] that
Applying a linear multistep formula to the continuous-time waveform relaxation scheme (3.1) leads to the following discrete-time waveform relaxation scheme
Assume that the ν starting values of the linear multistep formula are known, hence it is not necessary to iterate on the ν starting values, i.e. z (k) j = z (k−1) j = z j , for j < ν. Due to the numerical stability, the rest of this paper is concentrated on the application of implicit linear multistep formulae, i.e. β ν = 0.
For every nonnegative integer n, system of linear equations (3.5) can be solved uniquely if and only if the following condition is satisfied
where sp(·) represents the spectrum of the matrix pencil (M B , −△tM A ). Subsequently, the above condition (3.6) is referred to as the discrete solvability condition.
Similar to the calculation in [18] , the iterative scheme (3.5) can be rewritten into the following discrete linear convolution operator form
Since it does not iterate on the ν starting values, a slight change is made on the subscript △t here, that is
In order to analyze the properties of the discrete linear convolution operator K △t , the computational error on the k-th iteration of (3.5) is denoted by e
n − z n , where z n is the exact solution of the disrete system derived from the discretezation of linear DAEs (1.2) by the corresponding linear multistep formula. Let
Combine the first L equations, introduce vector notation
and note that e (k)
Here, matrices C and D are L × L-block lower triangular Toeplitz matrices with ν + 1 constant diagonals. It follows that matrix C −1 D is also a L × L-block lower triangular Toeplitz matrix with ν +1 constant diagonals. Hence, K △t is a discrete linear convolution operator on the Banach space l p (L).
The discrete Laplace transform of the convolution kernel κ △t of the discrete linear convolution operator K △t can be obtained by applying discrete Laplace transform to equation (3.9) . Ifẽ
with discrete Laplace transform of the convolution kernel κ △t given by 
4 Convergence Analysis of K △t
The convergence property of the discrete linear convolution operator K △t on finite time interval is an immediate result of Lemma 2.1. The result can be stated as the following theorem straightforwardly.
Theorem 4.1 Assume that the discrete solvability condition (3.6) is satisfied, and consider K △t as a discrete linear convolution operator in l p (L), with 1 ≤ p ≤ ∞ and L finite. Then, K △t is bounded and
However, the convergence property of the discrete linear convolution operator K △t on infinite time interval is a little bit complicated, thus, an important lemma is introduced. Proof : According to the Young's inequality for discrete convolution product [6] , we only need to prove that the kernel κ △t of the discrete convolution operator K △t is a l 1 -sequence. 
Hence, κ △t is a l 1 -sequence if θ (−1) △t and ζ △t are l 1 -sequence. Obviously, θ △t and ζ △t are l 1 -sequence. Furthermore, according to the Wiener's inversion theorem [13, 15] Based on Lemma 2.2, Lemma 4.1, the definition of absolute stability region and the maximal principle of complex function, we can easily obtain the convergence property of K △t on infinite time interval. 
5 Discrete-Time Accelerated Block SOR Method
The splittings of matrices B and A in linear DAEs (1.2) are given by 
n+j .
End End
The DABSOR method can be rewritten into the following matrix form
. . .
and
. . , L − 1, and z n = x n y n , n = 0, 1, . . . , ν − 1.
Remark 5.1 To be theoretical, the length of the simulation time interval [T 1 , T 2 ] in the DAB-SOR method can be infinite, i.e. L possibly infinite. In this case, the matrix-vector multiplications in (5.3) are essentially the discrete linear convolution between certain matrix and vector sequences with infinite length. However, in actual application of the DABSOR method, no computer can deal with infinite length time interval. Therefore, the length of [T 1 , T 2 ] is considered to be finite in the sequel.
Convergence Domain of Relaxation Parameters
The convergence property of the DABSOR method is described in the following theorem, which precisely determines the convergence domain of the DABSOR method with respect to the relaxation parameters ω and τ . For practical application, only the finite time interval case is studied. Then the iterative sequence given by the DABSOR method is convergent, provided
(c) when
Here, σ = 1 △t αν βν .
Proof : According to Theorem 4.1, we know that the spectral radius of the DABSOR method is given by
Let λ be an eigenvalue of the matrix
and x y be the corresponding eigenvector. Then we have
or equivalently
Without loss of generality, the vector x is normalized such that x * x = 1. Here and in the sequel, x * is used to denote the conjugate transpose of the vector x. Denote by
or equivalently,
It then follows that y = 0 and x ∈ null(B T ), where null(B T ) represents the null space of the matrix B T . Hence, λ = 1−ω 1+ωδ is an eigenvalue of K(σ) with corresponding eigenvector (x * , 0 * ) * , where x ∈ null(B T ).
Similar to the analysis in [3] , we find that λ = 1 − ω can also be an eigenvalue of the matrix in (5.4).
Based on the previous cases, two conditions |1 − ω| < 1 and
should be satisfied to guarantee the convergence of the DABSOR method.
If λ = 1−ω 1+ωδ , 1 − ω, then by solving y from the second equation in (5.5) we can obtain
After substituting this equality into the first equation in (5.5) we have
Premultiplying x * from left on both sides of the above equality leads to
Denote by
Since x / ∈ null(B T ), we obtain from (5.7) that
with the notation γ = γ q γ a , the above quadratic polynomial can be rewritten into the form
Based on the location of zeros of quadratic polynomial (5.8) [17] and following the steps in [3] , we obtain (a) When δ ≥ 0, ω and τ satisfy
(b) When −1 < δ < 0, ω and τ satisfy
(c) When δ < −1, ω and τ satisfy
Recalling that δ = σ γa , γ = γq γa , and
], we can easily calculate the smallest and the largest bounds about δ and γ, denoted by δ min , γ min and δ max , γ max , respectively, as follows:
(ii) when σ < 0, it holds that
By making use of these bounds, from the feasible domain about ω and τ determined in (a)-(c), we can straightforwardly obtain the following convergence domains for the DABSOR method:
(a) when 0 ≤ δ min ≤ δ max , ω and τ satisfy
(b) when −1 < δ min ≤ δ max < 0, ω and τ satisfy
From the proof of Theorem 5.1, we immediately get the following corollary.
The nonzero eigenvalues of the matrix K(σ) are given by λ =
where γ and δ are the same as in the proof of Theorem 5.1.
The Optimal Iterative Parameters and Convergence Factor
In this subsection, the optimal iterative parameters and the corresponding optimal convergence factor of the DABSOR method on finite time interval is discussed. Since the linear multistep formula selected in the DABSOR method always leads to σ > 0, the condition σ > 0 is added in the optimality discussion of the DABSOR method.
Follow the notations in Section 5.1, according Theorem 5.1, we know that the iteration parameters ω and τ of the DABSOR method must satisfy
Due to the definition of δ and the symmetric positive definite matrix block A, the condition σ > 0 leads to δ > 0. Therefore, the sequential discussion is divided into two cases δ > 1 and 0 < δ ≤ 1.
For the case δ > 1, we denote the following functions as
The above functions are induced from calculating the magnitudes of the nonzero eigenvalues of the matrix K(σ) given in the Corollary 5.1 based on the following three cases:
The first two cases correspond to the positive discriminant of the quadratic polynomial (5.8) and the sign of the term 2 − ω + ωδ − τ ωγ. Meanwhile, the third case corresponds to the nonpositive discriminant. Further investigating each of these cases, together with the intervals given in (5.10) with respect to ω and τ , leads to the definitions of functions f j (ω, τ, γ, δ) (j = 1, 2, 3) respectively.
On account of Assumption 5.1, similar to the analysis in [3] , we have
At the same time, the restrictions on ω and τ in the definitions of functions f j (ω, τ, γ, δ) (j = 1, 2, 3) make it holds that
Now, we discuss the monotone properties of the functions f j (ω, τ, γ, δ) (j = 1, 2, 3) with respect to γ and ω.
By specific computation, we get
Based on (5.11), we find that: f 1 (ω, τ, γ, δ) decreases with respect to γ when ω > 
where η = τ γ − δ + 1.
and τ γ < δ − 1, or when
> 0, when Assumption 5.2 is true, and for ω >
In view of (5.12), we conclude that: f 1 (ω, τ, γ, δ) increases with respect to ω when ω >
and τ γ > δ + 1, or when ω > 2 τ γ−δ+1 and δ − 1 < τ γ < δ + 1; f 3 (ω, τ, γ, δ) decreases with respect to ω when ω <
Moreover, when f j (ω, τ, γ, δ) (j = 1, 2, 3) are well defined for positive reals γ and τ , we have
, then ω(τ, γ) increases with respect to γ when τ γ < δ + 1, and ω(τ, γ) decreases with respect to γ when τ γ > δ + 1.
For two different reals γ 1 and γ 2 , we have
. (5.14)
In addition, we define the functions
.
By applying the Corollary 5.1, after concrete computations we know that the magnitudes of the nonzero eigenvalues λ of the matrix K(σ) can be expressed as following:
; (5.15)
(5.17)
By observing (5.15)-(5.16), we find that in order to compute the spectral radius of ρ(K(σ)) we have to discuss in the following three cases with respect to the parameter τ :
For the case 0 < δ ≤ 1, a similar discussion can be stated as long as Assumption 5.2 is replaced as the following one. Based on the above analysis, we can give a specific demonstration of the optimal iterative parameters and the corresponding optimal convergence factor of the DABSOR method. For the case δ > 1, letτ = δ+1 √ γ min γmax , then ω − (τ ) = ω + (τ ) = ω 0 (τ ), and , let γ 1 , γ 2 ∈ (γ min , γ max ) be positive reals satisfying
as the point of intersection of f 1 (ω, τ, γ 1 , δ) and f 2 (ω, τ, γ 2 , δ), ω − (τ ) = ω(τ, γ 1 ) as the point of intersection of f 1 (ω, τ, γ 1 , δ) and g(ω, δ),ω + (τ ) = ω(τ, γ 2 ) as the point of intersection of f 2 (ω, τ, γ 2 , δ) and g(ω, δ). If Assumptions 5.1 and 5.2 are satisfied, then (a) when
For the case 0 < δ ≤ 1, if Assumptions 5.1 and 5.3 are satisfied, then (a) when
X. Yang
Furthermore, for any δ > 0, the optimal iterative parameters τ opt and ω opt are given by
and the corresponding optimal convergence factor of the DABSOR method is given by
here, δ ∈ (δ min , δ max ).
Remark 5.2
According to the expressions of the optimal iterative parameters τ opt and ω opt in Theorem 5.2, (τ opt , ω opt ) is not a single point in ω-τ plane, which means that the optimal convergence factor ρ(K(σ)) opt is obtained on a parameterized curve (τ opt (δ), ω opt (δ)) with respect to δ ∈ (δ min , δ max ). Thus, the above parameterized curve which shows all the optimal parameters is called optimal convergence curve. Moreover, the properties of the optimal convergence curve are closely related to the linear multistep formulae selected and the properties of the matrix block A, B and the preconditioner Q.
The DABSOR Method with Windowing Technique
It is known that there is a typical phenomenon of the waveform relaxation methods based on matrix splitting that standard matrix splitting iterative methods for solving linear algebraic system may not have, that is, during the iterative procedure of the waveform relaxation methods, the intermediate solutions contain spurious oscillations with growth of the error and translation of the oscillating region.
To be specific, according to Theorems 4.1 and 4.2, the spectral radius of K △t as a discrete linear convolution operator on finite time interval is smaller than that on infinite time interval. Thus, it is reasonable that the waveform relaxation methods are convergent on finite time interval, and divergent on infinite time interval. In this case, the iterative procedure on a sufficient long time interval firstly seems to diverge, i.e. oscillations appear in large part of the whole computation time interval. Eventually, the iterative procedure surely starts to converge, i.e. the length of time interval with small error extends slowly as the iteration proceeds. Therefore, the asymptotic convergence behavior is dictated by Theorem 4.1. Nevertheless, it takes a large number of iterative steps to make the region of divergent behavior receding backward, which predicts a rapid increase to the computation load.
In order to get around the above shortcoming during long time interval simulation, an acceleration technique, called windowing, is introduced to the waveform relaxation methods. In fact, windowing is a technique to divide the whole long time interval into a number of short time subintervals based on certain rules, and apply the corresponding waveform relaxation methods on each subinterval. Since the subintervals are short, the number of iterative steps of the waveform relaxation methods on each subinterval is smaller than that on the whole long time interval. Furthermore, the sum of computation loads on all of the subintervals is certainly smaller than the computation load while simulating on the whole long time interval. To improve computing efficiency, the DABSOR method is integrated with windowing technique. △t, i converge to the exact solution x △t, i and y △t, i of the discrete system derived from discretizing the linear DAEs (1.2) by linear multistep formulae, compute
End End End

Numerical Results
In this section, numerical tests are performed to demonstrate the correctness of theoretical results presented in previous sections and the efficiency of the DABSOR method with windowing technique, i.e. the Method 5.2, for solving the linear DAEs derived from time-dependent Stokes equations.
Consider the two-dimensional time-dependent Stokes equations on the domain where the parameters are chosen the same as in [3] , i.e. set ν = 1, θ = 1, ζ = 11.6348, κ = 3.5545, c 1 = 3.390472650419484, c 2 = 1.
Since this paper focuses on the study of solving linear DAEs by waveform relaxation methods, less attention is paid to spacial discretization of the time-dependent Stokes equations (6.1). For a uniform spacial grid with stepsize h x = 2 ℓx+1 and h y = 2 ℓy+1 , we simply choose Scheme II defined in [3] for the implementation of the DABSOR method, which applies the centered difference scheme to the Laplacian, performs the forward difference scheme to the pressure variable, and discretizes the third equation in (6.1) by the backward difference scheme. Then we obtain a linear DAEs of the form (1.2), the details of its coefficient matrices and right-hand side vector-valued function can be found in [3] . Besides, the choices of the preconditioner matrix Q are shown in Table 1 . 
Due to the stiffness of the linear DAEs, the backward differentiation formulae (BDF) of order 1 to order 6 are selected to be the linear multistep formulae for the DABSOR method. The coefficients of backward differentiation formulae are shown in Table 2 .
In fact, the purpose for simulation is to compute the approximate solution of the timedependent Stokes equations (6.1) on a finite time interval u ⋆ (x, y; 0),
Since the DABSOR method is integrated with windowing technique, long time interval simulation of the time-dependent Stokes equations (6.1) can be obtained by simply adding as many windows as required to the end of the existing time interval. Hence, it is not necessary to choose a long time interval for numerical tests. In the sequel, the time step is fixed as △t = 0.001, and the simulation time interval of the time-dependent Stokes equations (6.1) is (0.01, 0.13]. Due to the application of linear multistep formulae to the DABSOR method, the exact solution of the time-dependent Stokes equations (6.1) on [0, 0.01] is taken to serve as the initial values. For a precise and comprehensive demonstration, the following three subsections present the numerical results in three different aspects.
Optimal Convergence Curve
In Theorem 5.2 and Remark 5.2, there is a curve in ω-τ plane related to the optimality of the CABSOR method called the optimal convergence curve. The curve is shown in this section in different situations.
Surfaces of spectral radii of the discrete linear convolution operator K △t based on six different linear multistep formulae like BDF(1-6), one grid size as 12 × 12 and two different choices of preconditioners Q in Table 1 are shown in Figures 1-6 . Here, BDF(i) represents the backward differentiation formula of order i. According to Theorem 5.2 and Remark 5.2, the optimal iterative parameter pair (ω opt , τ opt ) is not a single point in ω-τ plane, all possible choices of optimal iterative parameter pair (ω opt , τ opt ) lead to a finite length parameterized curve with respect to δ ∈ (δ min , δ max ), i.e. the optimal convergence curve.
After careful observation of the surfaces based on preconditioner Q 1 in Figures 1-6 , we find that the lower bound of spectral radii of the discrete linear convolution operator K △t shown in each surface based on BDF of six different orders is available along a 3-D curve of certain length. Obviously, the projection of such 3-D curve to the ω-τ plane is just the optimal convergence curve, which coincides with the description in Theorem 5.2 and Remark 5.2. However, for the case of preconditioner Q 2 , the length of optimal convergence curve decreases sharply when the order of BDF increases. Especially for BDF(4-6), the optimal convergence curve shrinks to a single point. It means that the optimal convergence factor of the DABSOR method based on preconditioner Q 2 is much more sensitive to the choice of iterative parameters than that based on preconditioner Q 1 . According to the expressions of optimal iterative parameters ω opt and τ opt , we find that the length of optimal convergence curve closely related to matrices A, B and preconditioner Q. Apparently, the difference between surfaces in each figure is caused by choosing different preconditioner Q. There are also good news for preconditioner Q 2 , that is, the lower bound of spectral radii of the discrete linear convolution operator K △t based on preconditioner Q 2 is much smaller than that based on preconditioner Q 1 . It means that the DABSOR method with optimal convergence parameters based on preconditioner Q 2 is much faster than that based on preconditioner Q 1 . Therefore, the preconditioner matrix Q should be chosen carefully.
Optimal Convergence Factor: Theoretical vs Practical
In Theorems 4.1 and 5.2, the general spectral radius formula of discrete-time waveform relaxation methods for solving general linear DAEs and the optimal convergence factor formula of the DABSOR method for solving linear DAEs derived from the time-dependent Stokes equations are discovered on finite time interval respectively. In this subsection, the comparison between theoretical and practical value of optimal convergence factor of the DABSOR method is exhibited. The computation of theoretical value is based on Theorems 4.1 and 5.2. The practical value represents the average experimental convergence rate.
The comparisons between theoretical and practical value of optimal convergence factor based on six different linear multistep formulae like BDF(1-6), two grid sizes as 12 × 12, 24 × 24 and two different choices of preconditioners Q in Table 1 are presented in Tables 3-6 . In these tables, DTOCF denotes the theoretical value of optimal convergence factor of the DABSOR method on finite time interval, APOCF represents the practical value of static iterative method for solving the system of linear equations with respect to coefficient matrix A in linear DAEs (1.2) and iterative matrix K(σ) with ω opt and τ opt , and DPOCF(N ) is the practical value of optimal convergence factor of the DABSOR method with N windows. After observing Tables 3-6 , we find that the practical value DPOCF(N ) of the DABSOR method decreases when the the number of windows increases, and the larger the number of windows, the closer the practical value DPOCF(N ) to the theoretical value DTOCF. Specifically, for smaller number of windows, the computation load of the DABSOR method increases intensively because of larger spurious oscillations discussed in section 5.3 occurred on each window. Thus, the practical value DPOCF(N ) with small number of windows is far beyond the theoretical value DTOCF. When N the number of windows increases, the spurious oscillations on each window becomes less apparent, and the DABSOR method tends to be more efficient. In addition, the practical value APOCF of the static iterative method is always smaller than the theoretical value DTOCF and practical value DPOCF(N ) of the DABSOR method, indicating that the convergence rate of the DAB-SOR method is unlikely to be faster than the corresponding static iterative method. On the other hand, theoretical and practical values based on preconditioner Q 2 are much smaller than that based on preconditioner Q 1 , which means that preconditioner Q 2 always leads to faster convergence rate. The findings are consist with the results in subsection 6.1.
Accelerating Effect by Windowing Technique
In fact, the accelerating effect by windowing technique is revealed in the sense of practical optimal convergence factor in subsection 6.2. The larger the number of windows, the smaller the practical optimal convergence factor, or equivalently, the faster the convergence rate of the DABSOR method. In this subsection, the accelerating effect by windowing technique is exhibited in the sense of average number of iterative steps of the DABSOR method on each window.
The comparisons of average number of iterative steps of the DABSOR method based on six different linear multistep formulae like BDF(1-6), two grid sizes as 12 × 12, 24 × 24 and two different choices of preconditioners Q in Table 1 are outlined in Tables 7-10 . In these tables, NoW stands for the number of windows, NoU is the number of unknowns on each window, and "-" means the DABSOR method does not converge on at least one of the windows in 800 iterative steps. Obviously, the average number of iterative steps decreases in all kinds of situations when NoW increases, which implies a decrease to the computation load. In another word, the computation efficiency of the DABSOR method is greatly improved by applying windowing technique. Moreover, the average number of iterative steps of the DABSOR method based on preconditioner Q 2 is apparently smaller than that based on preconditioner Q 1 , which tells the same story as in subsections 6.1 and 6.2.
It is known that high order time stepping schemes lead to high accuracy for solving ODEs and DAEs, meanwhile the computation load increases intensively. It is found in Tables 7-10 that the average number of iterative steps of the DABSOR method increases when the order of BDF becomes higher. For extreme situations, when NoW is small, the DABSOR methods based on high order BDF methods do not converge in 800 iterative steps. Hence, there should be a balance between computation accuracy and computation efficiency.
Concluding Remarks
This paper studies the general theory of the discrete-time waveform relaxation methods. Then, the DABSOR method is proposed for solving linear DAEs (1.2) derived from time-dependent Stokes equations (1.1). The convergence property and optimality of the DABSOR method are stated in detail. Due to the requirement of acceleration, the DABSOR method is integrated with windowing technique, which leads to great acceleration as shown in Section 6. In fact, further acceleration by algebraic techniques like Krylov subspace on each window is another path to improve the DABSOR method. The future work will follow right this path.
